We investigate solutions of the classical Einstein or supergravity equations that solve any set of quantum corrected Einstein equations in which the Einstein tensor plus a multiple of the metric is equated to a symmetric conserved tensor Tµν(g αβ , ∂τ g αβ , ∂τ ∂σg αβ , . . . , ) constructed from sums of terms the involving contractions of the metric and powers of arbitrary covariant derivatives of the curvature tensor. A classical solution, such as an Einstein metric, is called universal if, when evaluated on that Einstein metric, Tµν is a multiple of the metric. A Ricci flat classical solution is called strongly universal if, when evaluated on that Ricci flat metric, Tµν vanishes. It is well known that pp-waves in four spacetime dimensions are strongly universal. We focus attention on a natural generalisation; Einstein metrics with holonomy Sim(n − 2) in which all scalar invariants are zero or constant. In four dimensions we demonstrate that the generalised Ghanam-Thompson metric is weakly universal and that the Goldberg-Kerr metric is strongly universal; indeed, we show that universality extends to all 4-dimensional Sim(2) Einstein metrics. We also discuss generalizations to higher dimensions.
Introduction
It has been realised for some time that certain solutions of the classical Einstein equations, or some variant of them such as the classical supergravity equations, remain valid solutions in the quantum theory, despite our ignorance of precisely what that quantum theory might be. Indeed, some solutions of the classical Einstein equations have such a restricted curvature structure that they remain valid solutions of almost any set of covariant equations involving the metric and its derivatives. We shall call such metrics Universal, with a further subdivision into Strongly Universal and Weakly Universal, which we shall explain below.
We assume that the field equations for an n-dimensional spacetime metric take the form
where
Rg µν is the Einstein tensor, Λ is a classical cosmological constant term, and T µν represents possible quantum corrections to the classical Einstein equations in the case of classical vacuum. Necessarily the symmetric second rank tensor T µν = T µν (g αβ , ∂ τ g αβ , ∂ τ ∂ σ g αβ , . . . , ), which we assume to be made up of sums of terms each constructed from the metric, the curvature tensor R µνστ and its covariant derivatives, is conserved; i.e.,
Now suppose we have a solution g µν of the classical equations, obtained by omitting the tensor T µν from the right hand side of (1); i.e., an Einstein metric for which R µν = 2 n − 2 Λg µν .
We ask whether the classical metric g µν (possibly rescaled by a constant factor h) solves the full quantum corrected equations (1) . This requires that T µν (hg ρσ ) = F (h)g µν (4) for some function F (h) and that h may be chosen to satisfy
A sufficient condition that (4) hold is that it hold for any symmetric conserved tensor constructed from the classical metric g µν and its derivatives. We call this condition Weak Universality because, subject to there being real solutions of (5), we can simply rescale the metric to get a solution of any set of corrected field equations.
An example of a weakly universal metric is a maximally symmetric space, such as de Sitter spacetime, for which R µνστ = c g µσ g ντ − g νσ g µτ ,
where c is necessarily a constant, and hence R µνστ ;λ1;...;λ k = 0
for arbitrary integers k. It follows that c must satisfy
for some function f (c), and if a value of c can be found satisfying f (c) + (n − 1)(n − 2) 4 c = 0 ,
we have a solution. This argument can obviously be generalised to cover the case of any symmetric space M = G/H, where G is the isometry group with stabiliser H, for which by definition
if, in addition, we assume that H acts irreducibly on the tangent space. In fact, as long as H acts irreducibly (10) is not necessary; it suffices that the space be locally homogeneous. Bleecker [1] has called the restricted class of Riemannian metrics of the sort we are considering Critical Metrics, as long as the field equation may be derived from a diffeomorphism invariant action functional, which in our case means 1 4 |g| (R − 2Λ) + I(g) (11) such that
In what follows we shall use Bleecker's term critical metric for a metric of any signature.
1
A necessary and sufficient condition for a metric to be weakly universal is that any conserved symmetric tensor constructed from the metric and its derivatives should be a multiple of the metric. A necessary and sufficient condition for a metric to be critical is that any conserved symmetric tensor constructed from the metric and its derivatives that is a variational derivative of an invariant functional should be a multiple of the metric. Clearly a sufficient condition for a metric to be critical is that it be universal. It is not completely obvious whether or not the converse is true.
In fact, Bleecker showed that critical compact orientable Riemannian manifolds must be homogeneous spaces G/H, where H acts irreducibly. However, the metrics we usually encounter in physics are Lorentzian, and there are many more possibilities. For example, one might consider what in this paper we shall call a vacuum Brinkmann wave [3, 4, 5] .
2 This is a Ricci flat Lorentzian metric admitting a covariantly constant null vector field (CCNV) n ν ;
The most general metric admitting a covariantly constant null vector can be written [6, 7] 
and is a subclass of the Kundt metrics [8] . Requiring the vanishing of the Ricci tensor implies that the transverse metric g ij (u, x k ) is Ricci flat. A commonly studied subclass of this class of metrics is the class for which g ij (u, x k ) is independent of u and flat and A i = 0. Horowitz and Steif [9] have shown that all such metrics are not only weakly universal but they possess an even stronger property, which we shall call Strong Universality.
Clearly for Brinkmann waves, since the Ricci tensor R µν vanishes, the classical value of Λ also vanishes. Equally clearly, any constant multiple h of the classical metric is also a solution. Horowitz and Steif showed, when evaluated on a Brinkmann wave background, all other conserved tensors T µν (g ρσ ) (except of course the metric itself) will vanish. Thus, in distinction to the case of maximally symmetric spaces such as de Sitter spacetime, no rescaling of the metric is required when passing from the classical to the quantum-corrected metric. To make the notion of strong universality precise we need to consider, for a general spacetime, the vector space (over real constants) of all symmetric conserved second rank tensors constructed from the metric and its derivatives, modulo constant multiples of the metric itself. If, when restricted to a classical metric g µν such as a Brinkmann wave, all such tensors vanish, then we say that the classical metric is Strongly Universal.
A result related to that of Horowitz and Steif has been obtained by Torre [10] , who showed that any metric with the same isometry group as plane (or Rosen) waves, but which does not necessarily solve the vacuum Einstein equations, is strongly universal. Some physical implications of these facts for quantum field theory and string theory may be found in [11, 12, 9] .
One of the aims of the present paper is to see whether these results for Brinkmann waves can be extended to the newly constructed class of solutions of the Einstein equations [13] which admit a null vector field n ν that is covariantly constant merely in direction, sometimes called recurrent; i.e.,
for some recurrence one-form B µ . An equivalent way of expressing this condition is to say that the corresponding metrics have holonomy contained in Sim(n − 2), the maximal proper sub-group of the Lorentz group SO(n − 1, 1). In the Brinkman case, for which B µ = 0, the holonomy is contained in the subgroup of Euclidean motions E(n − 2). In some cases, the holonomy reduces even further. For example, for some simple Brinkmann metrics the holonomy group could be contained in the abelian subgroup R n−2 of Sim(n − 2). A principal result of our work is the discovery of two new classes of fourdimensional metrics, one of which is strongly universal and the other of which is weakly universal.
Before embarking on our discussion we wish to make a brief remark on the issue of vanishing local counterterms. In our context the integrand of I(g) in eq. (11) would be called a diffeomorphism invariant local counterterm, and its vanishing subject to the Ricci flat condition R µν = 0 (i.e., "on shell ") is often taken as an indication that quantum corrections are finite. However, this does not necessarily mean that quantum corrections vanish, since one can conceive of cases for which I(g) vanishes while its variational derivative − 1 2 T µν does not. In fact, this is precisely what happens in the case of Calabi-Yau compactifications in string theory. The specific scalar invariants I(g) that arise as higherorder string corrections to the effective action all vanish for the product of four-dimensional Minkoswski spacetime with a manifold of SU (3) holonomy, but their variations δI δgµν do not [14] . The classical Ricci flatness condition is consequently modified by quantum corrections, although the supersymmetry is preserved (see, for example, [15] for an extensive discussion). A similar phenomenon arises in compactifications involving manifolds with G 2 and Spin (7) holonomy [16, 17] .
Another example of this phenomenon is the Ricci type N, Weyl type N Brinkmann waves for which all scalar invariants vanish [6] . However, for an action containing the invariant R µν R µν , its variation will contain a term ∇ 2 R µν which may or may not vanish. For example, for the metric (14) with uindependent and flat g ij (u, x k ) with A i = 0, this term gives a contribution (∇ 2 ) 2 H which will not vanish in general. It is nevertheless of interest to ask whether all scalar invariants formed from the metric and its derivatives vanish on shell; the so-called Vanishing Scalar Invariants, or VSI, condition. An Einstein metric with vanishing scalar invariants must, of course, be Ricci flat. Examples of VSI spaces are all Ricci-flat Brinkmann waves in four and five dimensions. A weaker, but nevertheless still interesting and potentially important condition, is when all scalar invariants are constant; the so-called Constant Scalar Invariants, or CSI, condition. For example, we can imagine having a symmetric tensor of the form
where I is a curvature invariant. Requiring this tensor to be conserved, T µν ;ν = 0, immediately implies I ,µ = 0, and hence that I is a constant. It is therefore natural to search among the CSI spacetimes for weakly universal spacetimes. It is not obvious whether or not all weakly universal spacetimes are CSI spacetimes.
To summarise: we have isolated five conditions on a metric: Strongly Universal; Weakly Universal; Critical; Vanishing Scalar Invariants (VSI) and Constant Scalar Invariants (CSI). In what follows, we shall study the extent to which these conditions hold for the Einstein metrics with Sim(n − 2) holonomy, and particularly the new solutions of [13] .
Previous work and the situation in four dimensions
As shown in [13] , by rescaling the null vector field n µ of a metric with Sim(n−2) holonomy we may always arrange things so that
It follows that the null congruence with tangent vector n µ is geodesic, hypersurface orthogonal (i.e., twist-free), expansion-free and shear-free and hence, in all spacetime dimensions, belongs to the class of Kundt metrics [8] . However not every Kundt metric has holonomy in Sim(n − 2). Metrics with Sim(n − 2) holonomy may be cast in the Walker form [18] 
which is a special case of a Kundt metric 3 . For four-dimensional vacuum Kundt spacetimes, the null vector n µ is, in addition, a thrice repeated principal null direction of the Weyl tensor. It follows from a result of Pravda [19] (see also Pravda et al. [20] ) that all invariants formed from the Weyl tensor (and since it is Ricci flat, the Riemann tensor) necessarily vanish.
It was pointed out in [11] that the vanishing of all invariants of type N vacuum spacetimes with geodesic, non-twisting, non-expanding, null congruences implies that all counterterms must vanish, no matter what theory of gravity one is considering. The question was raised in [11] as to whether this was true for type III metrics. This was answered in the affirmative in [19] (see also [21] ). The question of whether such 'all loop finite' metrics have reduced holonomy was also raised in [11] . In the present Sim(2) Petrov type III case we see that, as in the more familar E(2) Petrov type N case, the answer is yes. However, VSI spaces that do not possess a recurrent null vector (the case ǫ = 0 in [6] ) are 'all loop finite' examples having general holonomy.
Boost-weight decomposition
In what follows, it is useful to consider the boost-weight decomposition of tensors [22] . Consider an arbitrary covariant tensor T and a null frame e
Consider now a boost in the plane spanned by ℓ µ and n µ :
3 Note that there exists, in general, a coordinate transformation [7] that allows us to set A i = 0. However, this requires that the transverse metric be u-dependent. In our case, and especially for the VSI and CSI metrics, it is more useful to keep A i = 0 so that we can make the transverse metric u-independent [8] .
We can consider the vector-space decomposition of the tensor T in terms of the boost weight with respect to the transformation (18) [22] :
where (T ) b denotes the projection of the tensor T onto the vector space of boostweight b. The components of the tensor (T ) b with respect to the null frame will transform according to:
Furthermore, we note that
First, note that the metric has boost-weight decomposition g = (g) 0 , so that raising and lowering indices does not change the boost weight. Second, note that any invariant (complete contraction) must be boost invariant, so that
where contr means complete contraction (i.e., only boost weight 0 components will contribute).
Consider the Riemann tensor R (analogously for the Ricci tensor or the Weyl tensor C). Recall that the Riemann tensor is algebraically special (otherwise it is of type G) of a certain type if there exists a frame in which the following hold (in terms of the boost weight decomposition) [23] :
Sim(n − 2) VSI and CSI metrics
We shall consider the n-dimensional metric (17) , which is a special Kundt metric. For the Sim(n − 2) metrics there are no further restrictions on the metric functions. However, if we make the requirement that all the scalar polynomial curvature invariants constructed from the Riemann tensor and its covariant derivatives be constants, then the metric function H(v, u, x k ) only contains terms polynomial in v to second order [8, 6] ; hence,
where σ is a constant. Let us choose the null frame:
where e i is a vielbein basis for the transverse metric,
In general, with respect to the above null frame, the Riemann tensor of this metric has the boost weight decomposition
which means it is of Riemann type II (and hence, of Ricci type II and of Weyl type II).
Vanishing curvature invariants (VSI):
In this case all curvature invariants to all orders vanish, so we require that boost-weight zero components vanish [24] . This, in turn, implies that we can set [6] :
(This is the W
(1) i = 0 case of the general higher-dimensional VSI metrics.) The Riemann tensor is of type III, N or O and has, along with all higher-derivative curvature tensors, only negative boost weight components.
Considering the vacuum case, it must be of Weyl type III. These metrics would therefore be the Weyl type III, ǫ = 0, vacuum solutions in [6] (see table 1 therein).
Constant curvature invariants (CSI):
In this case all curvature invariants to all orders are constants. Unfortunately, we do not have a crisp theorem determinining all of these spacetimes (except in 3 dimensions [25] ), but we have three useful conjectures [8]:
1. A Lorentzian spacetime with all constant scalar invariants (CSI) is either locally homogeneous or a subclass of the Kundt spacetimes.
2. For a Kundt spacetime with all constant scalar invariants (CSI), there exists a null frame such that for curvature tensors of all orders, all the positive boost weight components are zero, while all the boost weight 0 components are constants.
3. For a spacetime, (M, g), with all constant scalar invariants, there exists a related locally homogeneous spacetime, ( M Hom , g), having identical curvature invariants to those of (M, g).
We recall that the class of CSI F spacetimes are those spacetimes for which there exists a null frame such that for curvature tensors to all orders, all the positive boost weight components are zero, while all the boost weight 0 components are constants. The second conjecture therefore suggests that all Kundt CSI spacetimes are actually CSI F spacetimes (and consequently, this is usually referred to as the CSI F conjecture). Note also that for a Kundt CSI spacetime, this would imply it is of Riemann type II (or simpler). It it easy to see that this is sufficient for a Kundt spacetime to be CSI. However, the problematic part of the proof is to establish the necessity. (In three dimensions, all of these conjectures have been proven [25] ). In what follows, we shall assume these conjectures are true.
An important theorem regarding the CSI F spacetimes states [8] :
such that the transverse metric can be made u-independent. Furthermore, the transverse metric is locally homogeneous. Hence, there is no loss of generality in assuming that g ij (x k )dx i dx j is a locally homogeneous space, M Hom . Regarding the invariants, there is generally no further simplification; they can all be non-zero. However, there is a related locally homogeneous spacetime, ( M Hom , g) which has invariants that are identical to those of the Kundt CSI metric. For the Sim(n − 2) metrics, this is given by setting the functions A i , H (1) and H (0) to zero:
For the Kundt CSI metrics with holonomy Sim(n − 2), σ must be constant. Interestingly, this is the space M 2 × M Hom , where M 2 is 2-dimensional de Sitter, Minkowski, or anti-de Sitter space, depending on the sign of σ. This is an important observation because to study invariants of Kundt CSI spacetimes of the form (17), it is sufficient (provided the conjectures are true) to study the invariants of the associated locally homogeneous space (23) . In particular, the locally homogeneous part, defined by (23) , is the only part that contributes to the boost weight 0 components of the curvatures of the metric (17) . In this way, the invariants will only depend on the locally homogeneous metric (23) . Because of the Kundt form, this will also be valid for the higher-derivative curvature tensors.
Special case: M Hom is a symmetric Riemannian space. Let us consider the case where the transverse space g ij (x k )dx i dx j is a symmetric space. This means that the product space (23) is also symmetric and hence,
Consequently, for the metric (17) , all higher-order curvature invariants will vanish. The only possible non-zero invariants are those constructed from the Riemann tensor itself (i.e., the Ricci, Weyl and mixed tensor invariants).
Also note that assuming g ij is a (Riemannian) symmetric space implies that g ij is a locally homogeneous space.
Other examples: There are many examples of CSI metrics with Sim(n − 2) holonomy (although many are not written down explicitly). Assuming the metric is Einstein, we find that the transverse metric must also be Einstein. To simplify matters, we can set A i = 0 = H (1) and still have Sim(n − 2) holonomy, provided that H (0) is sufficiently general and the transverse metric g ij (x k ) has general holonomy. These constitute the case β i = 0 in [26] 
Assuming g ij is the metric of a negatively curved space, we can take the transverse space to be an Einstein solvmanifold [27, 28, 29] . There are many examples of these, and most of them have general holonomy.
Conserved symmetric 2-tensors
For any 2-tensor we have, in general, the boost weight decomposition:
If this tensor is constructed from contractions of curvature tensors from the previous metrics, then there are no positive boost weight components. Note that the divergence has the decomposition
all of which components we require to be zero independently (i.e., they must vanish to each boost weight order separately).
For the Riemann tensor we also have the Bianchi identity, which upon contraction, gives the useful identity:
Furthermore, for a tensor T α1...α k , we have that
The latter identity implies one may permute the order of covariant derivatives of curvature tensors, at the cost of possibly getting products of lower-order curvature tensors. The various Ricci types and Weyl types restrict the possible non-zero tensors constructed from the metric and the curvature tensors. This is perhaps best illustrated with examples.
Four dimensions
Generalised Ghanam-Thompson: This is a generalisation of a solution found in [30] and is defined as a 4-dimensional Sim(2) Einstein metric, R µν = λg µν , where A i = 0. The Einstein equations imply that H (0) (u, x k ) is harmonic in the 2-dimensional space [13] . Regarding the Weyl tensor, it is of Weyl (or Petrov) type II:
However, the transverse space is the hyperbolic plane [13] , and hence symmetric, and so (∇R) 0 = 0. As can be checked,
Any boost weight components of order lower than −2 cannot contribute to a symmetric 2-tensor, so the only one that can contribute from the higher derivatives is (
C since this metric is Einstein.) It follows that the non-zero invariants are the Ricci scalar, zeroth order Weyl invariants, and arbitrary functions of these, f (I i ). These are all constants.
The only non-zero symmetric 2-tensors are of the form (non-zero boost weight components in brackets):
• f (I i )g µν (boost-weight 0).
• Products of Weyl tensors with appropriate contractions (boost-weight 0,
• f (I i )R αβγδ;λ... with appropriate contractions (boost-weight −2). Using the contracted Bianchi identity, we can show that these are zero too, up to possible products of Weyl tensors, which have already been considered.
At this stage, we have only used boost-weight arguments and the Bianchi identites to get possible forms for the conserved 2-tensors. However, there are further simplifications. Consider a 2-tensor, T µν , made out of an arbitrary product of Riemann tensors. This tensor can therefore only consist of boostweight 0 components and a boost-weight −2 component. Consider only zeroth order tensors first. The boost-weight −2 component is the component T −− , which can consist of terms:
where S is some tensor consisting of a product of the boost-weight 0 components of the Riemann tensor (R) 0 . Consider the first term (with respect to the nullframe (22)): (25) , we note that since S = (S) 0 , any index '−' must be accompanied by an index '+' (downstairs). Therefore, using symmetry arguments we can show that these vanish too. Hence, the boost-weight −2 component vanishes. Consider, therefore, the boost-weight 0 components of T µν : these must also consist of a product of (R) 0 , and hence, must be of the same form as S µ ν . By a Wick rotation, we can consider the Euclidean-signature metric H 2 × H 2 , where the curvatures of each H 2 are identical. It is therefore clear that 4 c 1 = c 2 , and hence, S µν = c 1 g µν .
Regarding higher-order invariants, we note that we must consider contractions of (R ⊗n ) 0 ⊗ ∇ (k) C −2 . We also note that we can write
where g (1) and g (2) are 2 dimensional projection operators such that g = g (1) ⊕ g (2) . It is therefore also clear that contractions of (R ⊗n ) 0 ⊗ ∇ (k) C −2 will vanish. Combining all of this, we get T µν = c 1 g µν , where c 1 is some constant.
We
have consequently shown that the 4-dimensional generalised GhanamThompson solution is Weakly Universal.
Goldberg-Kerr: This is a 4-dimensional vacuum (Ricci type O) and Weyl (or Petrov) type III metric [31, 32] :
Here, all the scalar invariants vanish; i.e., it is a VSI. In general, the higher order curvature tensors are:
(again, it is vacuum so only the Weyl tensor will contribute). Without any further restrictions, we have the following possible 2-tensors:
• g µν (boost-weight 0).
• R µν (= 0), and appropriate contractions of R µναβ;λ... (boost-weight −1, −2). Using the Bianchi identity these can, without loss of generality, also be assumed to be zero up to quadratic terms of (higher-order) curvature tensors (these are considered below).
• Quadratic terms of curvature tensors (boost-weight −2).
Let us study these quadratic terms more carefully. The only non-vanishing component of T µν is the boost-weight −2 component T −− . The space is Ricci flat, so only the Weyl tensor will contribute. Consider therefore the quadratic term C −αµν C αµν − , where C and C can be either the Weyl tensor or its dual. Both of these tensors have the same symmetries and, in particular, the tracelessness implies C −i+− = C j ij− . In 4 dimensions (and in 4 dimensions only)
we have as many independent components of C −i+− as of C kij− , and by direct calculation we find:
This result can also be derived from the dimensionally dependent identities of Lovelock [33] , see appendix. There could also be a term C −µαν C αµν − , but this vanishes too for the same reason. Therefore, because of the symmetries of the Weyl tensor, all zeroth order quadratic terms will vanish. Each higher-order quadratic term can be written as
where A and B can be assumed to be linear in the curvature tensors. Because of the symmetries of the curvature tensors, the Bianchi identities and eq. (24), we can assume the indices are of a certain order. First, this implies that any contraction of C µναβ;γ... is zero. This further implies that we can, without loss of generality, assume that (or let α ↔ β in B ) Again, this follows from the dimensionally dependent identities of Lovelock [33] (see appendix). Thus, all quadratic terms will vanish.
Consequently, the 4-dimensional Goldberg-Kerr solution is Strongly Universal.
General 4-dimensional Sim(2) metrics: Indeed, the universality of the Ghanam-Thompson and Goldberg-Kerr solutions extends to all 4-dimensional Sim(2) metrics: Theorem 5.1 Consider a 4-dimensional Sim(2) metric and assume that the metric is Einstein, R µν = λg µν . Then:
1. If λ = 0, the metric is weakly universal.
If λ = 0, the metric is strongly universal.
This theorem is proven in the appendix and illustrates the remarkable nature of these metrics.
General results in higher dimensions
We can also summarise some general results for Kundt metrics in higher dimensions in terms of the algebraic properties of the Weyl and Ricci tensor.
Weyl type N, Ricci type O (vacuum): All scalar invariants vanish, all symmetric 2-tensors, except g µν , vanish. Therefore, these are strongly universal.
Weyl type N, Ricci type N: All scalar invariants vanish. The non-trivial symmetric 2-tensors are g µν , R µν and linear in higher-orders of R µν (such as, for example, n R µν ).
Weyl type N, Einstein space: The only non-vanishing scalar invariant is the Ricci scalar and arbitrary functions thereof. The symmetric 2-tensors are thus of the form: f (I i )g µν . These are therefore weakly universal. Examples of metrics in this class are the n-dimensional 'anti-de Sitter waves' with metric
These metrics are CSI but do not have holonomy in Sim(n − 2).
Counterexamples: Here we provide counterexamples in higher dimensions which show that not all of the remarkable properties outlined above of the 4-dimensional Ghanam-Thompson and Golberg-Kerr solutions extend to higher dimensions. Consider first the n-dimensional analogue of the Ghanam-Thompson solution, obtained in [13] . This Sim(n − 2) holonomy metric can be taken to be
and it is Einstein, withR µν = −2σĝ µν , provided that ds 2 is also Einstein (with R µν = −2σg µν ), and that H is harmonic over ds 2 . In the vielbein basiŝ
2 )du,ê − = du,ê i = e i , the non-zero components of the torsion-free connection and the Riemann tensor are given bŷ
Furthermore, the Weyl tensor decomposes as C = (C) 0 + (C) −2 in the same manner as the 4-dimensional Ghanam-Thompson solution. Let us consider the symmetric tensorŜ ab ≡Ĉ acdeĈb cde . If we take the base metric ds 2 to be maximally symmetric, so that R ijkℓ = −2σ/(n − 3)(δ ik δ jℓ − δ iℓ δ jk ), then a simple calculation shows that the non-zero components ofŜ ab are given bŷ
It is easily verified that this is divergence-free. However, it is clearly only in n = 4 dimensions that it is proportional to the metric tensor, and so this Sim(n − 2) Einstein spacetime is not weakly universal in more than four dimensions.
One can also see, by means of counterexamples, that the generalisations to higher dimensions of the Ricci-flat Goldberg-Kerr solutions do not share the strong universality property of the four-dimensional case. The generalised Goldberg-Kerr metric in n dimensions can be written as
where the base metric ds 2 is Ricci flat. The conditions for Ricci-flatness of dŝ 2 reduce to [13]
and it is assumed that ds 2 is independent of u. One may choose H 1 = −∇ i A i as a gauge choice [13] , in which case Ricci-flatness is achieved by first solving the linear equation (35) Let us consider the symmetric tensor
which can easily be seen to be conserved, after imposing the condition of Ricciflatness. Consider first the case where ds 2 in (33) is the flat Euclidean metric. We then haveT
where the second line follows after using (35). For any dimension n > 4 this will in general be non-zero, thus showing that there exist non-vanishing conserved symmetric 2-tensors for these metrics. Thus, the generalistion of the GoldbergKerr metrics to dimensions higher than four do not satisfy the strong universality principle. (The four-dimensional case is an exception since then we have F ij = f ǫ ij , which implies thatT −− vanishes.) We will now consider one specific example where this can be seen explicitly. Consider the n > 4 dimensional metric with flat transverse metric ds 2 = δ ij dx i dx k . Furthermore, let
where x, y, z, ... are Cartesian coordinates on ds 2 , and a is a constant. We note that H 1 = −y(1 − a), so one can verify that eq. (35) is indeed satisfied, and eq. (34) then reduces to
This equation has the solution
where F (u, x k ) is a solution to ∇ 2 F = 0. Using eq. (37) givesT −− = a and hence, unless a = 0, this tensor does not vanish. Therefore, the solution presented above is, for a = 0, not strongly universal.
Semi-universality The (counter)examples of the higher-dimensional GhanamThompson solution naturally leads us to the possibility of another class of metrics with relatively simple quantum corrections.
Let us consider the case where the transverse space is a symmetric space in which the isotropy group acts irreducibly on the tangent space, and define the projection operators:
so that g µν = g
(1)
µν . Let us try to generalise the Ghanam-Thompson case to higher-dimensions. Therefore, we assume the Ricci tensor is of type D and
µν .
We also assume that the Weyl tensor is of the form C = (C) 0 + (C) −2 . Note that most of the arguments in the derivation of the symmetric 2-tensors of the Ghanam-Thompson solution go through, and we find the following general form:
We note than in 4 dimensions, and for λ 1 = λ 2 , we can argue that f 1 = f 2 . In higher dimensions the equations of motion, including quantum corrections, reduce to solving:
If such solutions exist, we shall call these metrics semi-universal.
Discussion
In this paper we have investigated solutions of the classical Einstein or supergravity equations that remain valid solutions in the quantum theory. We have been particularly interested in solutions of the classical Einstein equations which are universal (weakly or strongly), and consequently have a restricted curvature structure such that they remain solutions of almost any set of covariant equations involving the metric and its derivatives. An example of such solutions are the Brinkmann wave class of solutions of the Einstein equations which admit a recurrent null vector field [13] , so that the metrics have holonomy contained in Sim(n − 2). In particular, we have focussed attention on the subsets of Einstein metrics which are VSI or CSI.
In four dimensions we have found two new classes of metrics, one of which is strongly universal and the other of which is weakly universal. In more detail, in the 4-dimensional generalised Ghanam-Thompson spacetime, which is a Sim(2) Einstein CSI metric (with A i = 0 and a harmonic H (0) (u, x k ) in which the Weyl tensor is of type II), the only non-zero invariants are the Ricci scalar, zeroth order Weyl invariants, and arbitrary functions of these, which are all constants. By a direct calculation we then found that the only non-zero conserved symmetric 2-tensors are of the form cg µν , where c is a constant. Therefore, the 4-dimensional generalised Ghanam-Thompson solution is weakly universal. In the 4-dimensional vacuum and Weyl type III Goldberg-Kerr VSI metric, all of the scalar invariants vanish. By a direct calculation we then found that the metric (modulo a constant rescaling) is the only non-zero conserved symmetric 2-tensor. Consequently, the 4-dimensional Goldberg-Kerr solution is strongly universal.
We also showed that all 4-dimensional Sim(2) Einstein metrics are universal, and in the future it will be of interest to consider 4-dimensional Einstein metrics with general holonomy and investigate under what circumstances such metrics are weakly universal (λ = 0) or strongly universal (λ = 0). Since the GoldbergKerr and the Ghanam-Thompson solutions are of different algebraic type there is hope that their properties will extend to an even bigger class of metrics.
We then discussed universality in higher dimensional spacetimes. We first summarised some general results in higher dimensions and discussed some examples. In particular, we noted that the higher dimensional generalizations of the Ghanam-Thompson and Golberg-Kerr solutions are not (weakly and strongly, respectively) universal. It is therefore clear that Theorem 5.1 cannot be generalised to higher-dimensions. It was suggested that the notion of semi-universality may be of relevance in studying the quantum corrections of higher-dimensional classical solutions. In future we hope to further study the higher dimensional case.
Dimensionally dependent identities:
In four dimensions, and four dimensions only, we have the identity [33] : 
By contraction, we get the identity:
Note that if we are considering the diagonal components (i.e., ǫ 1 = η 1 , . . . , ǫ k = η k ), then the boost weight of the first term in eq. (44) is zero. Hence, the second term can only have boost weight 0 terms also. This identity very useful in proving univerality for Sim(2) metrics.
Einstein equations: For a Sim(2) metric the Einstein equations imply that
and the transverse metric, g ij (u, x k ) is a 2-dimensional Einstein space. In particular, this means that the transverse space is symmetric and either S 2 , E 2 , H 2 . Moreover, the Sim(2)-metric must be CSI F (VSI if λ = 0) and we can use a coordinate transformation to get rid of the u-dependence in the transverse metric (i.e., g ij (x k )).
Boost weight decomposition:
Regarding the zeroth order curvature tensors, these are of Ricci type D and Weyl (Petrov) type II (for λ = 0 it is of type III): C = (C) 0 + (C) −1 + (C) −2 .
Since the transverse metric is symmetric, higher-order curvature tensors have the following boost weight decomposition (k > 0):
+ ... where each boost-weight component will be considered in turn.
boost-weight 0: The boost-weight 0 components of T µν are identical to those of the symmetric space ds 2 = 2du dv + λv 2 du + g ij (x k )dx i dx j . Considering the isotropy group, we can see that any curvature 2-tensor must be of the form S µ ν = diag(c 1 , c 1 , c 2 , c 2 ) . Since the curvatures match, we must have c 1 = c 2 , and hence S µν = c 1 g µν .
boost-weight −1: These components must arise as contractions of terms like
First, consider zeroth order terms. In this case it is advantageous to switch to the Weyl canonical frame. This will not change the b.w. 0 terms but might alter the negative boost weight terms. For λ = 0, the spacetime is of Weyl type II, and in the Weyl canonical frame we have C = (C) 0 + (C) −2 . Therefore, in this frame the b.w. −1 components are zero. For λ = 0 (which implies Ricci flat) the Weyl canonical frame gives C = (C) −1 and therefore zeroth order terms give no contributions to the b.w. −1 components of the symmetric tensor T µν . Next, consider the higher order terms (R ⊗n ) 0 ⊗ ∇ (k) C −1 . We easily see that the number of covariant derivatives must be even in order for this term to contribute to the quantum corrections. Now, the boost weight 0 curvature tensor has the form eq. (26) which implies that (R ⊗n ) 0 must be a tensor product of g (1) and g (2) . For the Sim(2) metrics we note that the components C αβγδ;ǫ1...ǫ k = 0 if there is an ǫ i -index being '+' (or else, the holonomy would not be (a subgroup of) Sim(2)). Therefore, if g (1) = 2ê +ê− , we have C αβγδ;ǫ1...ǫi...ǫj ...ǫ k g (1)ǫiǫj = 0. Thus, since g = g (1) + g (2) , C αβγδ;ǫ1...ǫi...ǫj ...ǫ k g (2)ǫiǫj = C αβγδ;ǫ1...ǫi...ǫj ...ǫ k g ǫiǫj .
By permuting the indices ǫ i and ǫ j we can show, up to lower-order products, that this must vanish too. Consequently, any contraction of g (2) with ∇ (k) C −1 is also zero. Since (R ⊗n ) 0 is a tensor product of g (1) and g (2) , (R ⊗n ) 0 ⊗ ∇ (k) C −1 cannot contribute to a symmetric 2 tensor.
Hence, we are lead to the conclusion that all b.w. −1 components must vanish.
boost-weight −2: This component contains contractions of terms like:
Contributions from the first and second terms must vanish (this follows from an identical argument as for the Ghanam-Thompson solution). The vanishing of the third term follows from permuting the indices using eq. (24), using the Bianchi identity, and using eq. (44).
